
 

MATH 2050 The completeness property of IR

Reference Bartle 2 3

Def't Thin Completeness Property of B

Every lot S E B that has an upper bound

must have a supremum in B
er

We first make sense of the s

Def'd Let 0 1 S E IR

a S is bounded above if 7 U E B St S E U V SE S

Any such U E B is called an upper bound of S

b S is bounded below if 7 WEB St S 3 W V SE S

Any such WE 113 is called a lowerbound of S

c S is bounded if it is both bold above AND below

Otherwise S is unbounded

Example S f X E IR f x s 2

Note There are many upper bds e.g 2 3 5 too Too etc

S is bold above

BUT S is NII bold below Ex prove it

s upper bd

74lowerbd
o 2 3 5 100

Ix x x x IR
2



Def'd Let 0 1 S E IR

a Suppose S is bold above

Then U EIR is called a supremum or least upperbound

of 5 if the following holds Notation

i U is an upper bd of S f U sups or I ab S

Cii U E V for any upper bd
V of S

b Similarly we can define infimum or greatest lower bound

Notation inf S or g l b S ExWritethisdown

Lemma sup S if exists is unique

Proof Suppose there are two U w e IR which are supremumof 5

Therefore U W satisfy Ci ii in the deft above

By i for W and Cii for U we have

i w is an upperbd
U E W

Similarly by i for u and Cii for w we have

w g u
E e U is an upperbot

Thus U W
D



We now establish a useful way to prove that u E R

is the supremum of a subset S E IR

Prop Let 4 1 S E R Then U sup S iff

Cil U is an upper bound of S
i e

S E U V s E S
Cii U is the smallest upper bound of S i.e

H E o 7 S E S sit U E s s

Picture u sups
Sn e ym

I JX o S IR
S pT r

S upperbdu E

Proof Suppose u supS

By cis U is an upper bd of S

U z s t s E S which is cis

By Cii U E v for any upper bd V of S 1 1

Fix E 0 but arbitrary

Since U E L U U E cannot be an upper bot

So I s e S sit U E L S

Exercise b



Similarly for infimum we have

Prop u rungS iff

s z U H SE S lie U is a lower bdl

HE o 77 s E S Et Ute s free
U is the

gagreatest loonweerrbd

Pf Exercise

Exa s

1 S Si Sir finite set Assume S e Sz c s Su

supS Sn
si SzS3 Sn Inf S Si
x x x s B
p P Ex provethis
infs sups

2 S o I
Sup S 1 E S

infs
I sups inf S O E S

Too 7 B
O I

3 S o 1

sup S 1 E S

infs I sups inf S o S
SR

1



Recall that

Completeness Properly Every4 1 S E B which is bounded above

must have a supremum in IR Note fails this

Q what about the existence of infimum

A It follows from the completeness property

Prop Every 0 1 S E R that is bounded below must

have an infinum in CR

Proof Given 10 1 S E R consider the subset

infs
4 5 f S SES E R

sup5 S
lowerbd s b
I k i IRClaim 5 is bold above u o

sup5Pf of Claim s g upperbd
i I 2 Bsince 5 is bold below i e O
gg

u

7 Some lower bd U of S

ne s V se S
u 3 S t se S

U is an up for 5 ie 5 is bold above

By Completeness Properly sup 5 exists in B



Claim inf S exists inf S sup 5

Pf of Claim

Cheeks sup 5 is a lower bot for 5 ex

This is the same by reversing the argumentsof the claim
above

Check sup5 is the greatest lower bd for 5

Let E so be fixed but arbitrary

I want to show 7 s e S s t sup I t E s s 1 1

By of supremum for 5
i c Ssup S E L S for some S E

By deft we write 5 s for some S E S

So Sup5 E L s sup f t E s s for someS'ES
which is CA is



Archimedean Property IN is NII bold above

Pf Suppose NOT ie IV is bold above

By Completeness Property sup IN U C IR exists

So U I s n for some n'c IN

tion

us n't I C IN

U is NIT an upper bot for IN Contradic
D

Corollaries
1

cis inff th i n c IN 0 it i s B
o E

Ciel V E go I n C IN st OCth C E
Ciii f Y so 7 n E IN se n i Y f n

9
unique

EI Prove these


